We show that the standard picture regarding the notion of stability of constant scalar curvature metrics in Kähler geometry described by S.K. Donaldson [10, 11] , which involves the geometry of in nitedimensional groups and spaces, can be applied to the constant scalar curvature metrics in Sasaki geometry with only few modi cation. We prove that the space of Sasaki metrics is an in nite dimensional symmetric space and that the transverse scalar curvature of a Sasaki metric is a moment map of the strict contactomophism group.
Introduction
Sasaki geometry, in particular Sasaki-Einstein manifolds, has been extensively studied. Readers are referred to recent monograph Boyer-Galicki [2] , and recent survey paper Sparks [34] and the references in for history, background and recent progress of Sasaki geometry and Sasaki-Einstein manifolds. Sasaki geometry is often described as an odd-dimensional analogue of Kähler geometry. Some important results in Kähler geometry have now a counterpart in the Sasaki context. For example, Calabi's extremal problem in Kähler geometry has been extended to the Sasaki manifolds and some important results have been obtained [3, 4, 18] . In this note we shall discuss the notion of stability of constant scalar curvature metrics in Sasaki context. One can see that the picture regarding the stability of constant scalar curvature described by S.K. Donaldson [10, 11] can be carried over to the Sasaki setting with only slight modi cation.
It is well known in Kähler geometry that there are obstructions to the existence of extremal metrics in general [6, 17, 25, 30] and many of these results can be directly carried over to the Sasaki setting [3, 18] . The existence of constant scalar curvature metrics on algebraic varieties is now conjectured to be equivalent to certain notion of stability (called K-stability in literature) in algebraic geometry [13, 36, 37] and this is one of the central problems in Kähler geometry. This conjecture can also be generalized to extremal Kähler metrics [28, 35] . Such a stability conjecture for canonical metrics on Sasaki manifolds is also extensively studied in the Sasaki setting. When Sasaki manifolds are quasi-regular, there is a close relation between quasiregular Sasaki manifolds and its quotient space by the Reeb foliation, a polarized Kähler orbifold. Results on quasi-regular Sasaki manifolds can then be viewed as the generalization of corresponding results on Kähler manifolds to Kähler orbifolds. For example, Ross-Thomas [32] studied the K-stability of Kähler orbifolds and constant scalar curvature metrics on Kähler orbifolds, and their results can be phrased as a result about quasi-regular Sasaki manifolds. One main motivation of the work of Ross-Thomas is to understand the earlier work of Gauntlett-Martelli-Sparks-Yau [20] , where the authors constructed the Lichnerowicz obstruction and the Bishop obstruction to the existence of Sasaki Einstein metrics. We should mention that these new obstructions are not fully understood in terms of stability. When Sasaki manifolds are irregular, there is no such a correspondence with Kähler orbifolds and there are new subtle features. The rst examples of irregular Sasaki-Einstein manifolds were constructed by Gauntlett-Martelli-Sparks-Waldram [19] . Recently Collins-Szekelyhidi [9] generalized Ross-Thomas work to the irregular setting, using the index character studied in [29] instead of Riemann-Roch theorem on Kähler orbifolds to understand the K-stability.
In [10, 11] , Donaldson suggested that the stability of Kähler-Einstein metrics [36, 37] ts into a general framework, involving the geometry of in nite dimensional groups and spaces; from this point of view, the notion of stability can be extended to, for example, the metrics of constant scalar curvature. One of the key observations relating canonical metrics in Kähler geometry with the geometry of in nite dimensional groups and spaces is that the scalar curvature of a Kähler manifold (V , ω) can be interpreted as a moment map of Hamiltonian group of (V , ω) [10, 16] . We shall show similar pictures described in [10, 11] can be extended to Sasaki geometry with only slight modi cation. Our discussion follows closely the discussion by S.K. Donaldson [10, 11] in (almost) Kähler setting. An advantage of this in nite dimensional picture is that whether the Sasaki structure is regular or not is not relevant and it can give a uni ed interpolation for the stability of Sasaki-Einstein metrics. We should also mention that in the toric Sasaki case, E. Legendre [24] (see Conjecture 1 for details) gives a direct interpolation of the stability conjecture for Sasaki metrics of constant scalar curvature in terms of polystability of the polytopes of Donaldson [13] ; in particular she pointed out that Donnaldson's results [13, 14] on toric surfaces implies Conjecture 1 in [24] regarding the stability of Sasaki metrics of constant scalar curvature on dimension 5.
First we consider the space of Sasaki metrics studied in [21, 22] , which is an analogue of the space of Kähler metrics as in [11, 27, 33] . Guan-Zhang [21, 22] studied the geometry of the space of Sasaki metrics, in particular the geodesic equations. They proved, among others, the regularity results of the Dirichlet problem of the geodesic equation with applications in Sasaki geometry, parallel with the results of Chen [8] and Calabi-Chen [7] in the space of Kähler metrics. As a consequence of their results, the space of Sasaki metrics is a non-postively curved metric space. We observe that the space of Sasaki metrics is an in nite dimensional symmetric space as in the Kähler setting [11, 27, 33] . Moreover, H can be viewed as the dual space of the strict contactomorphism group G.
Then we show that the transverse scalar curvature of a Sasaki metric (K-contact metric) can be interpreted as a moment map of strict contactomorphism group; hence the "standard picture " described in [10, 11] can be extended to Sasaki geometry. Thus it is not a surprise that the existence of canonical metrics in Sasaki geometry should also be relevant to the notion of stability, see [9, 32] for recent progress. Following [11] , we shall present a problem regarding nonexistence of constant transverse scalar curvature metrics, using the notion of geodesic rays and the K-energy in Sasaki geometry [22, 26] .
Sasaki Geometry, the Contact Structure and the Transverse Kähler Structure
A Sasaki manifold involves many interesting structures, including its underlying contact structure and the transverse Kähler structure. In this section we give an introduction of these relevant structures on Sasaki manifolds, or more generally, K-contact manifolds.
Let (M, η) be a compact contact manifold of dimension n + with a contact 1-form η such that η ∧ (dη) n is nowhere vanishing. The Reeb vector eld ξ is de ne uniquely by
The -dimensional foliation generated by ξ is called the Reeb foliation. The contact form η de nes a vector sub-bundle D of the tangent bundle TM such that D = ker(η) and TM = D ⊕ Lξ , where Lξ is the trivial line bundle generalized by ξ . A contactomorphism f : M → M is a di eomorphism which satis es f * η = exp(F)η for some function F : M → R. The group G of contactomorphisms leaves D = ker(η) invariant. With the 1-form η xed we can also de ne the group G of strict contactomorphisms by the condition f * η = η; it is clear that G is a subgroup of G. We denote the Lie algebra of G and G by h and g respectively. The Lie algebra can be characterized by
There is a Lie algebra isomorphism between the space C ∞ (M) of functions on M and the Lie algebra h, see [2, 31] for the details. For every function H : M → R, there exists a unique contact vector eld X = X H : M → TM which satis es
The Possion bracket is then de ned by
There is also a natural L inner product on C ∞ (M):
is the space of functions of integral zero, the L orthogonal complement of the constants. Now the groups G has a bi-invariant metric de ned by L inner product on its Lie algebra, so it furnishes an example of in nite dimensional symmetric space. When M is a Sasaki manifold, we shall show in next section that this space has a negatively curved dual.
First we introduce the K-contact structure. Let (M n+ , η, ξ ) be a compact contact manifold.
De nition 2.1.
A ( , )-tensor eld Φ : TM → TM is called an almost contact-complex structure if
and (M, η, ξ , Φ, g) is called a contact metric structure. This metric structure is called a K-contact metric structure if L ξ Φ = , which corresponds to an almost Kähler metric on a symplectic manifold. A Sasaki structure can then be de ned as a K-contact metric structure (M, η, ξ , Φ, g) such that Φ satis es an integrable condition
where we denote ∇ to be the Levi-Civita connection of the metric g. This de nition is equivalent to the following characterization: a Riemannian metric (M, η, ξ , Φ, g) is called Sasaki if the cone metric (C(M) = M × R+, dr + r g) is Kähler. The complex structure J on C(M) can be de ned as
For a Sasaki structure, there are two relevant Kähler structures. One is the Kähler cone structure on C(M) and the other is the transverse Kähler structure for the Reeb foliation. For our purpose, we shall also consider the transverse almost Kähler structure for a K-contact metric structure (M, η, ξ , Φ, g). The discussion is similar as in the transverse Kähler structure [2, 18] . We shall describe the transverse almost Kähler structure both globally and locally. Let {Uα} α∈I ⊂ R n+ be an open covering of M and let πα :
is di eomorphic. On each Vα, we can de ne an almost Kähler metric as follows.
Let (x , x , · · · , x n ) be a local coordinate on Vα. We can pull this back on Uα and still write them as x , x , · · · , x n . Let x be the coordinate along the leaves with ξ = ∂ ∂x . Then (x , x , · · · , x n ) forms a local coordinate on Uα. Suppose we can write η = dx − a i dx i locally for some functions a i , ≤ i ≤ n. Since ι ξ dη = , it is clear that da i (ξ ) = and a i is a function of x , · · · , x n . We can then de ne
It is clear that ωα coincides with dη on {x = const} ⊂ Uα. We also get that D is spanned by the vectors of the form
For any p ∈ Uα there is an isomorphism induced by πα dπα : Dp → Tπ α(p) Vα; dπα(e i ) = ∂ ∂x i . An almost contact-complex structure K can be written as
A simple computation shows that the condition Φξ = implies that
Hence we can de ne an almost complex structure on Vα such that
It is clear that Φα is compatible with ωα; thus we can de ne an almost Kähler metric g T α on Vα. By this construction,
gives an isometry of almost Kähler manifolds. The collection of almost Kähler metrics {Vα , g T α } is called a transverse almost Kähler metric, which we denote by g T since they are isometric on the overlaps. We also write ∇ T , Rm T , Ric T , R T for its Levi-Civita connection, the curvature tensor, the Ricci tensor and the scalar curvature. It should be emphasized that, when restricted on D, {dη/ , Φ, g} on Uα is isometric to {ωα , Φα, g T α } via dπα : Dp → T πα(p) Vα. So we can also de ne {D, dη/ , Φ| D , g| D } as an almost transverse Kähler structure via this isomorphism. This isomorphism will play an important role in our computations in the following sections. The transverse scalar curvature R T also lifts to M as a global function. When (M, η, ξ , Φ, g) is Sasaki, it is easy to see that Φα is a complex structure on Vα, hence it de nes the transverse complex structure or transverse holomorphic structure on the Reeb foliation. In particular, we can choose coordinates charts Vα ⊂ C n with coordinates (z , · · · , z n ) such that
this with ωα gives its transverse Kähler structure (for example see [18] Section 3). The corresponding charts Uα with coordinates (x , z , · · · , z n ) are called foliations charts. Now let (M, η, ξ , Φ) be a compact Sasaki manifold.
De nition 2.2. A p-form θ on M is called basic if
Let Λ p B be the sheaf of germs of basic p-forms and Ω p B = Γ(S, Λ p B ) the set of sections of Λ p B .
The exterior di erential preserves basic forms. We set
B is the bundle of type (i, j) basic forms. We thus have the well de ned operators (for example, see Section 4 [18] )
Using the foliation chart, we can also check that
As in [21, 22] , we consider the space of Sasaki metrics as follows
which can be viewed as an analogue of the space of Kähler metrics in a xed Kähler class studied in [11, 27, 33] . For any ϕ ∈ H, we can de ne a new Sasaki metric (η ϕ , ξ , Φ ϕ , g ϕ ) with the same Reeb vector eld ξ such that
Note that D varies and the K-contact structure Φ ϕ varies when ϕ varies but (η ϕ , ξ , Φ ϕ , g ϕ ) has the same transverse holomorphic structure as (η, ξ , Φ, g) (Prop. 4.1 in [18] , [2] ); for example, we have the relation when ϕ varies,
On the contrary, if (η, ξ ,Φ,g) is another Sasaki structure with the same Reeb vector eld ξ and the same transverse Kähler structure, then there exists a unique function ϕ ∈ H up to addition of a constant (e.g. [15] ) such that
We shall denote this set by S(ξ ,J) as in [3] , whereJ denotes a xed transverse homomorphic structure on ν(F ξ ). S(ξ ,J) is the analogue of the set of Kähler metrics in a xed Kähler class. Boyer-Galicki-Simanca [3, 4] proposed to seek the extremal Sasaki metrics to represent S(ξ ,J), by extending Calabi's extremal problem to Sasaki geometry (see [18] also). A metric is called a transverse extremal Kähler metric. To seek an extremal metric in S(ξ ,J) is then reduced to nd a function ϕ ∈ H such that the Sasaki metric (η ϕ , ξ , Φ ϕ , g ϕ ) is transverse extremal.
We conclude this section with the following proposition, which will be used in the following sections. Let (M, g) be a Sasaki metric and g T be its transverse Kähler metric. Let Uα, (x , z , · · · , z n ) be a foliation chart and πα : Uα → Vα such that dπα : Dp → T πα(p) Vα. 
We also have T ϕ = ϕ.
The Space of Sasaki Metrics as a Symmetric Space
In this section we show that H is an in nite-dimensional symmetric space, as in Kähler setting [11, 27, 33] . It can be viewed as the negatively curved dual space of G, see [11] for the Kähler setting. Let (M, ξ , η, Φ) be a compact Sasaki manifold. We shall brie y recall the geometric structure on H introduced in [21] . For any ϕ ∈ H, we can de ne a metric on
where dµ ϕ = ( n n!) − η ϕ ∧ (dη ϕ ) n is the volume form determined by g ϕ . If ϕ(t) : [ , ] → H is a path, the geodesic equation can be written asφ − |d Bφ | ϕ = .
Thus ψ(t) is a eld of tangent vectors along the path ϕ(t) ∈ H, the covariant derivative along the path is given by
Guan-Zhang proved [21] that this connection is torsion free and compatible with the metric
They also proved that the corresponding sectional curvature of H is nonpositive and there is a Riemannian decomposition
where H = H/R. 
Proof. First we observe that (M, η ϕ ) are all equivalent as contact structures. Let ϕ(t) be a path starting at in H and consider the t dependent vector eld
where g(t) is the metric determined by (M, ξ , η(t), K(t)). Let f t : M → M be the 1-parameter family of di eomorphisms obtained by integrating X(t) with f = M . Then we compute that
For any t, dϕ(t)(ξ ) = , we get that dφ(ξ ) = . Hence ξ , ∇ g(t)φ g(t) = . This implies that X t ∈ D(t) = ker(η(t)). So we can compute
For each t xed and Y ∈ TM,
On the other hand, the t-derivative of η(t) is d c Bφ . So we have
i.e. the di eomorphism f t gives the desired contactomorphism from (M, η ) to (M, η(t)). Now let Y ⊂ H × Di (M) be the set of pairs (ϕ, f ) such that f * η ϕ = η. This is a principal bundle over H with structure group G. Note that G acts on the vector space C ∞ B (M) and it preserves the L norm on C ∞ B (M), then the discussion above shows that the connection D on the tangent space of H is induced from a G connection on Y → H via the action of G on C ∞ B (M); that is, we have a connection preserving bundle isomorphism
Now we compute the curvature tensor of H. To do this we consider a 2-parameter family ϕ(s, t) in H, and a vector eld ψ(s, t) along ϕ(s, t). We denote s and t derivatives by su xes ϕs, ϕ t etc. The curvature is given by
It is clear that R(ϕs, ϕ t )ψ is linear in ϕ, ψ, and we can do computations in local coordinates. It is also clear that all functions involved are basic functions. Hence we can do computation by using the transverse Kähler structure de ned by {D ϕ , η ϕ , K ϕ , g ϕ }. We can write, for example, in a small neighborhood Uα ⊂ M,
where ∇ T is the Levi-Civita connection of the transverse Kähler metric g T de ned by {D ϕ , η ϕ , K ϕ , g ϕ }. Expanding out, we compute
On the other hand, we can write the Possion bracket { , } as follows. For any f , h ∈ C ∞ B (M),
Hence we compute {{ϕs , ϕ t }, ψ} ϕ = ∇ T ∇ T ϕs, K T ϕ ∇ T ϕ t g T , K T ϕ ∇ T ψ g T . Now all the quantities above reduce to the transverse Kähler structure. It is clear that the same computations in [11] (Page 18) can be carried over here directly without any change. The only di erence is that the Kähler form is dη ϕ / while the Possion bracket is de ned by η ϕ and dη ϕ . So there is di erence of a constant factor and we get
The expression of the curvature tensor in terms of Possion brackets shows that R ϕ is invariant under the action of the group G; it follows that R ϕ is covariant constant and hence H is indeed an in nite-dimensional symmetric space. 
Transverse Scalar Curvature as a Moment Map
In this section we show that the transverse scalar curvature of a Sasaki metric is a moment map with respect to the strict contactomorphism group G. When (V , ω) is a symplectic manifold and let J be the space of almost complex structures which are compatible with ω. Then scalar curvature R : J → C ∞ (M) is a moment map of Hamiltonian group of (V , ω) which acts on J [11, 16] . This point of view of moment map can be carried over to Sasaki geometry with only slight modi cation. Consider a compact contact manifold (M n+ , η). Let K be the space of K-contact-complex structures on M which are compatible with η; we shall assume K is not empty. We shall show that the space K can be endowed with the structure of an in nite-dimensional Kähler manifold. Let G be the strict contactomorphism group which preserves the contact form η. Then G acts on K via
For simplicity we consider Φ ∈ K is integrable. Note that Φ induces a splitting
with D , = D , . "Integrable" means that [D , , D , ] ⊂ D , . Let K int ⊂ K de ned as
We assume K int is not empty. We want to identify a moment map for the action of G on K int . For each Φ ∈ K int , (M, η, Φ) de nes a Sasaki metric g, and let {D, dη, Φ| D } be its transverse Kähler metric. We have Note that if A ∈ T Φ K, then ΦA ∈ T Φ K; hence we can de ne a natural almost structure J K :
We can de ne a natural metric on K. For any A ∈ T Φ K, we can identify A with
It is clear that A is anti-Φ invariant and symmetric. We can identify A with a section of T * M ⊗ T * M. The metric g Φ induces a metric on T * M ⊗ T * M. So we can de ne a metric on T Φ K by integration over M,
For p ∈ M, if Dp = span{e i : ≤ i ≤ n}, and Ap : Dp → Dp such that Ape i = A j i e j . Then A, B p = trace(ApBp) = A j i B i j . It is clear that g K is compatible with J K ; hence it de nes an Hermitian metric on K. As in the (almost) Kähler setting, (K, g K , J K ) induces a natural Kähler structure on K. Note that Φ ∈ K can be identi ed as an almost complex structure on D, hence K is the space of sections of a bre bundle on M with bre the complex homogeneous space Sp( n, R)/U(n) (Sigel upper space), hence K inherits a complex structure from that of the bre. The proof is then the same as the discussion in almost Kähler setting (see [16] Theorem 4.2 and [11] ). Now let Φ ∈ K int . Then Φ determines a decomposition D ⊗ C = D , ⊕ D , . Any Φ that is close to Φ also determines a nearby decomposition, and so corresponds to a unique element µ in Ω , B (D , ).
Here Ω p,q B (D , ) denotes the space of D , -valued basic (p, q) forms and that is symmetric with respect to the metric determined by Φ , i.e. those which vanish under skew-symmetrization. Since this correspondence is pointwise, it can indeed be viewed as a smooth local coordinate chart for K near Φ . The integrability condition is given by the usual Maurer-Cartan equation
(4.1)
Hence K int is an analytic submanifold of K. Summarize the discussion above, we have Proof. Fix a K-contact-complex structure Φ ∈ K int ; let
be the operator representing the in nitesimal action of G on K int and
be the operator which represents the derivative of K → R T (K). By the de nition of a moment map we need to show that for all ϕ ∈ C ∞ B (M), A ∈ Γ(TK),
The operator P can be factored as P = P P , where P maps ϕ to the Hamiltonian vector eld X ϕ and P maps a vector led X to the in nitesimal variation given by the Lie derivative L X K. We choose a coordinate chart Uα = {(x , x , · · · , x n )} as in Section 2, such that
Let Vα = {(x , · · · , x n )} such that πα : Uα → Vα is a submersion. Recall ωα = dη/ = (ω ij ), Kα = (K j i ) and g T α the transverse Käher structure. For simplicity we suppress α and write g T α = (g ij ) = (ω ik K k j ), ≤ i, j ≤ n. It is clear that on Uα, we can write A = (A j i ) for some functions A j i independent of x , as we have discussed in Section 2. Hence we can de ne Aα on Vα, which we still denote as Aα = (A j i ). Note that all quantities involved in the computations can be written locally on Vα and we have the isometry of {D, dη, K| D } with g T . So we can do all (local) computations on Vα. Since ι X ϕ dη = −dϕ, we have
the reader to the papers of S.K. Donaldson [10, 11] for details. Calabi's extremal problem can also be extended to Sasaki geometry, see [3, 4] for example. We have seen that the standard picture in [10, 11] can be applied to Sasaki geometry; hence canonical metric problems in Sasaki geometry are also closely related to the geometry of H and K. We shall roughly repeat the picture described in [10, 11] for Sasaki context as follows.
Let (M, η, ξ ) be a Sasaki manifold. The strict contactomorphism group G acts on the Kähler manifold K int as holomorphic isometries, and the transverse scalar curvature R T : K → C ∞ B (M) is an equivariant moment map of G-action on K int . Let m = R T − R, where R is the average of the transverse scalar curvature, depending only on the basic class [dη] B . Then m : K → C ∞ B (M) is also a moment map of G. If there is a complexi cation group G c of G, then by the standard picture, a constant transverse scalar curvature metric, which is a zero point of the moment map m, corresponds to a stable complex orbit of G c action and we expect the identi cation K int s /G c = m − ( )/G.
In fact G c does not exist. However we can complexify the Lie algebra of G and it acts on K int automatically since K int is a complex manifold. At each point Φ ∈ K int we get a subspace of T Φ K spanned by this complexi cation action and these subspaces form an integrable, holomorphic distribution on K int . Thus we get a distribution of K int which plays the role of the complex orbits. By de nition, the in nitesimal action of ϕ on K is given by L X ϕ Φ for any Φ ∈ T Φ K, then the in nitesimal action of a function which corresponds to the space of Sasaki metrics H. We shall recall the de nition of K-energy in Sasaki geometry [22, 26] , which is de ned on H by specifying its variation δM = − M δϕ(R T − R)dµ ϕ .
A critical point of M is a constant transverse scalar curvature and M is convex along geodesics in H [22] . We can also ask the similar questions as in [11] regarding the existence of constant transverse scalar curvature metrics, which can be viewed as an analogue of the Hilbert criterion for stability in geometric invariant theory.
Problem 5.1. The following are equivalent: (1) . There is no critical Kähler metric in H . (2) . There is an in nite geodesic ray ϕ t ∈ H , such that t → ∞, the derivative of K-energy is less than zero along the geodesic ray ϕ t , Mφ (R − R T )dµ ϕ < .
(3). For any point ϕ ∈ H there is a geodesic ray as in (2) starting at ϕ .
